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The NICER Collaboration recently reported the measurement of the mass and radius of a pulsar
PSR J0030+0451. We here use this new measurement to constrain one of the higher-order nuclear
matter parameters Ksym,0. We further combine the tidal measurement of the binary neutron star
merger GW170817 by LIGO/Virgo to derive a joint 1-σ constraint as Ksym,0 = −102+71−72 MeV. We
believe this is the most reliable bound on the parameter to date under the assumption that there is
no new physics above the saturation density which impacts neutron star observations.
Introduction— The supranuclear equation of state
(EoS), found in heavy ion collisions [1, 2] and neutron
stars (NSs) [3], remains one of the biggest mysteries in
nuclear physics and astrophysics to date. The relation-
ship between the NS’s internal pressure and density is
vital in determining macroscopic quantities such as the
radius and tidal deformability. As such, independent
measurements of multiple NS observables can be used
to constrain the EoS. For example, x-ray measurements
of the NS mass and radius have been used to probe the
EoS [4–8].
More recently, the Neutron Star Interior Composition
Explorer (NICER) mounted on the International Space
Station successfully mapped the NS mass-radius profile
via x-ray observations of local hotspots rotating with the
NS [9–14]. Several follow-up investigations have further
transformed such probability distributions of the NS ra-
dius with uncertainties on the order of ∼ 10% into con-
straints on the EoS [14–17].
The GW detection of the coalescing binary NS sys-
tem GW170817 [18] by the LIGO/Virgo Collaborations
(LVC) made history by opening a new window into the
NS interior via tidal effects imprinted upon the gravi-
tational waveform [19–26]. Such tidal effects are a re-
sult of the tidal deformation each NS increasingly expe-
riences in response to the neighboring inspiraling stars’
tidal field and are characterized by the tidal deformabil-
ity [27]. This instrumental measurement has been further
mapped to constraints on the NS radius, the EoS and
properties of quark matter [20, 28–34]. GW and NICER
measurements have been combined to constrain the EoS
in [17].
In this letter, we combine the GW and x-ray obser-
vations from the LVC and NICER to strongly constrain
the nuclear matter parameters indicative of the EoS. The
latter parameters are obtained by expanding binding en-
ergy per nucleon about nuclear saturation density and
symmetric matter. Stemming from an early important
work by Alam et al. [35] where strong correlations were
found between nuclear parameters and the NS radius,
Refs. [23, 36, 37] extended the analysis to find correla-
tions between the former and the NS tidal deformability
that have been applied to GW170817. Here we construct,
for the first time, 3-dimensional correlations between nu-
clear parameters, the NS radius, and the NS tidal de-
formability. We then use the GW and NICER measure-
ments of the NS radius and tidal deformability to obtain
joint GW+NICER constraints on the parameters, which
are stronger than have been derived previously.
Nuclear Matter parameters and Equations of State—
We begin by reviewing the nuclear matter parameters
which we aim to measure through gravitational wave
and x-ray observations in this letter. In order to quan-
tify the properties of each EoS, we describe them using
the parameters of a Taylor expansion in the space of nu-
cleon number density n and isospin symmetry parameter
δ ≡ (nn − np)/n in terms of the neutron (nn) and pro-
ton (np) number densities. The parameter δ character-
izes the amount of asymmetry in nuclear matter between
neutrons and protons.
The expansion goes as follows. We first express the
energy per nucleon e(n, δ) as the sum of the symmet-
ric matter part e(n, 0) plus the leading asymmetric part
S2(n) as
e(n, δ) = e(n, 0) + S2(n)δ
2 +O(δ4). (1)
We can further expand the symmetric part about nuclear
saturation density n0 using the parameters as
e(n, 0) = e0 +
K0
2
y2 +
Q0
6
y3 +O(y4), (2)
where y ≡ (n − n0)/3n0 and the coefficients represent
energy per nucleon e0, incompressibility K0, and third
derivative term Q0, respectively. Similarly, we can ex-
pand the asymmetric part as
S2(n) = J0 + L0y +
Ksym,0
2
y2 +O(y3), (3)
where the coefficients represent symmetry energy J0, its
slope L0, and its curvature Ksym,0. The lower order pa-
rameters in the expansion, such as J0 and L0, have been
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2constrained with nuclear experiments [38]. On the other
hand, neutron star observations can be used to measure
higher order parameters like Ksym,0 due to their large
central densities. Indeed, Refs. [23, 36] used GW170817
to constrain this parameter. In this letter, we exclusively
focus on placing bounds on Ksym,0 by combining results
from GW170817 and the recent NICER measurements of
the neutron star radius.
We consider a population of EoSs of various types to
encompass the correlations with observable NS proper-
ties: 14 Skyrme-type, 5 relativistic mean field (RMF),
and 38 phenomenological EoSs (PE). The first two classes
were studied in [23, 35], while the latter class was gener-
ated in [37] by uniformly sampling the six nuclear param-
eters and modeling it exactly as the form in Eqs. (1)-(3).
We excluded EoSs that allowed acausal speed of sound
(the speed of sound exceeding the speed of light) or de-
creasing pressure with increasing density. Additionally,
we rejected EoSs inconsistent with the 90% confidence
bounds on L0 and J0 described in [38]. All of the selected
EoSs support NSs with mass above ∼ 2M [39–41]. The
resulting population of EoSs encompasses the physically
motivated Skyrme and RMF models, and the inclusion
of phenomenological models increases the breadth of our
models, minimizing systematic errors from choice of mod-
els, distinguishing our work from previous studies such as
that of [35], which did not consider PE models. All the
EoS models considered here are nucleonic ones and do
not contain hyperons, Bose condensates nor quarks.
Mass, Radius and Tidal Deformability— We use the
above EoSs to compute NS observables, such as mass,
radius and tidal deformability. One can extract the
first two quantities by constructing a non-rotating, iso-
lated NS solution by solving the Einstein equations
(or Tolman-Oppenheimer-Volkhoff equations). We solve
these differential equations by assuming a central density
or pressure as an initial condition. One then extracts the
mass from the asymptotic behavior of the gravitational
potential, while the radius is determined as the location
of vanishing pressure. The left panel of Fig. 1 presents
the mass-radius relation for selected EoSs. Observe that
Skyrme EoSs produce NSs with smaller radii, while RMF
ones produce NSs with larger radii, and the phenomeno-
logical EoSs cover a wide range of the parameter space.
The tidal deformability λ of a NS quantifies its elastic-
ity to develop a quadrupole moment Qij in the presence
of an external tidal field Eij as
Qij = −λ Eij . (4)
Qij and Eij are both obtained from the asymptotic be-
havior of the gravitational potential around a tidally-
deformed NS. Such a stellar solution is constructed by
perturbing the non-rotating, isolated background solu-
tion derived earlier and solving a set of perturbed Ein-
stein equations. The right panel of Fig. 1 presents the
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FIG. 1. Relations between the NS mass and radius (left) or
tidal deformability (right) for three different classes of EoSs.
relation between the mass and the dimensionless tidal de-
formability Λ ≡ λ/M5. Skyrme and RMF EoSs produce
NSs with smaller or larger tidal deformabilities, respec-
tively, while phenomenological EoSs cover a wide region
of the parameter space, similar to the mass-radius rela-
tion in the left panel.
As tidal interactions arise from two individual NSs, it is
difficult to independently measure the tidal deformability
of each NS by itself due to strong correlations between the
two. Rather, we consider the dominant tidal parameter
in the gravitational waveform from binary neutron star
mergers, which corresponds to the mass-averaged tidal
deformability:
Λ˜ =
16
13
(1 + 12q)Λ1 + (12 + q)q
4Λ2
(1 + q)5
. (5)
Here q ≡ m2/m1 < 1 is the mass ratio with mA and ΛA
representing the mass and dimensionless tidal deforma-
bility of the Ath neutron star respectively.
In [36], we derived constraints on Ksym,0 as follows
(see also [23]). We first studied the correlation between
Ksym,0 and Λ˜ using the three classes of the EoSs de-
scribed earlier. Based on this, we constructed a 2D
Gaussian probability distribution on these two param-
eters. We then multiplied this with the posterior proba-
bility distribution of Λ˜ obtained from GW170817 by the
LIGO/Virgo Collaborations [28]. We finally marginal-
ize over Λ˜ to find the probability distribution of Ksym,0.
Below, we follow a similar procedure to derive bounds
on Ksym,0 from NICER by using the correlation between
such nuclear parameter and the NS radius that was first
studied in [35].
Correlation between Nuclear Matter and Neutron Star
Parameters— To map measurements of neutron star
quantities to those for nuclear matter parameters, we
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FIG. 2. Correlation between Ksym,0 and R as a function of
the NS mass.
need to study correlations between them. For exam-
ple, the correlation between Ksym,0 and Λ˜ were studied
in [36, 37]. In a similar manner, we present the cor-
relation between Ksym,0 and R1.4 (the NS radius with
mass 1.4M) for the three classes of EoSs. Observe that
there is a strong correlation between the two quantities,
which can be quantified by the Pearson correlation coef-
ficient [35]:
C =
Σxy√
ΣxxΣyy
. (6)
Here Σxy are covariance matrix elements between param-
eters x and y given by
Σxy =
1
N
N∑
i=0
xiyi − 1
N2
(
N∑
i=0
xi
)(
N∑
i=0
yi
)
, (7)
with N representing the number of data points. Fig-
ure 2 presents the correlation coefficient for various NS
masses. Notice that the correlations are around 0.5,
which is weaker than that found in [35] using only the
Skyrme and RMF classes of EoSs. Thus, our results that
include phenomenological EoSs are more conservative as
they account for more variation and capture the trends
of correlation more accurately.
Based on this correlation, we construct a two-
dimensional Gaussian distribution given by
P (x) =
1√
(2pi)N |Σ|e
− 12 (x−µ)TΣ−1(x−µ), (8)
with N = 2 representing the number of variables and
µ corresponding to the mean of each variable. Σ is the
covariance matrix already defined in (7). Figure 3 also
shows this Gaussian fit in colored contours. We repeat
FIG. 3. Correlation between Ksym,0 and the NS radius with
mass 1.4M. We show the scattering with Skyrme (green),
RMF (purple) and PE (red) EoSs. The colored contour shows
the two-dimensional Gaussian distribution fit.
the analysis for various NS masses M and create yet an-
other fit for µ and Σ of the form
aebm+cm
2+dm3 (9)
with m ≡ M/M. The fitted coefficients a, b, c and d
are summarized in Table I.
We next derived a three-dimensional correlation
among Ksym,0, R1.4 and Λ˜1.186, where Λ˜1.186 refers to
Λ˜ with a chirp mass of M = 1.186 M corresponding to
GW170817 [42]1. We then created a three-dimensional
Gaussian fit following Eq. (8) with N = 3, and then cre-
ated another fit for µ and Σ following Eq. (9). The fitted
coefficients are again listed in Table I.
Bounds on Ksym,0 from NICER— We now derive
bounds on Ksym,0 from the NICER’s measurement of
the NS mass and radius for PSR J0030+0451. We ex-
plore the results of the NICER study [10], released as the
Monte Carlo Markov Chain (MCMC) samples for pairs
of mass and radius measured from the NS. We first di-
vide NICER’s results into 20 bins of mass evenly spaced
between 1 and 1.95 M2. The MCMC samples within
each mass bin that starts with mass M give us the prob-
ability distribution of the radius at M : P (RM). Below,
we mainly use the NICER results for the 3-spot model,
though we found that using the 2-spot model does not
affect our final bound much.
1 The chirp mass is defined as M ≡ (m31m32/Mtot)1/5 with the
total mass Mtot = m1 + m2. The mass ratio has a larger un-
certainty than the chirp mass, though the correlation between
Ksym,0 and Λ˜ is insensitive to the mass ratio [36].
2 We have checked that when we increase the number of bins to
40, the final bound on Ksym,0 only changed by less than 1 MeV.
4x y a b c d
RM — 13.03 km -0.1153 0.1145 -0.0333
µx Ksym,0 — -72.91 MeV — — —
Λ˜1.186 — 699.2 — — —
Σxy
RM RM 1.756 km
2 -0.4836 -0.3745 0.2420
Ksym,0 Ksym,0 6382 MeV
2 — — —
Ksym,0 RM 16.66 /km· MeV 1.448 -0.7716 0.1350
RM Λ˜1.186 217.4 km −4.922× 10−2 −5.417× 10−2 4.437× 10−2
Ksym,0 Λ˜1.186 1.270× 104 MeV — — —
Λ˜1.186 Λ˜1.186 5.654× 104 — — —
TABLE I. Fitted coefficients in Eq. (9) for the mean µ and covariance Σ of the two-dimensional (the ones that do not involve
Λ˜1.186) and three-dimensional Gaussian distributions given by Eq. (8).
We next use marginalization integrals to combine mea-
surements of R and correlations in the Gaussian distri-
butions to extract bounds on Ksym,0. The probability
distribution of Ksym,0 from one mass bin at M is given
by
PM(Ksym,0) =
∫ ∞
−∞
PM(Ksym,0, RM)P (RM) dRM. (10)
where PM(Ksym,0, RM) is the two-dimensional Gaussian
distribution between Ksym,0 and RM constructed by
Eq. (8). This way, we can take into account the amount
of scattering in the correlation between Ksym,0 and RM,
which adds a systematic error to the final distribution on
Ksym,0. After normalizing it properly, this yields bounds
on Ksym,0 for each fixed value of mass M . The final step
combines each bound weighted by the probability distri-
bution of the mass P (M) constructed from the number
of NICER samples in each mass bin:
P (Ksym,0) =
∑
PM(Ksym,0)P (M). (11)
The resulting probability distribution of Ksym,0 is
shown in Fig. 4. For comparison, we also present the dis-
tribution using GW170817 with LIGO/Virgo [36]. Ob-
serve that the NICER result gives us a slightly tighter
bound than that from LIGO/Virgo.
To place more stringent bounds on Ksym,0, we
now combine the two measurements from NICER and
LIGO/Virgo. We use the three-dimensional probability
distribution PM(Ksym,0, RM, Λ˜1.186) from Eq. (8) relating
Ksym,0, RM and Λ˜1.186. We can first use the tidal mea-
surement of P (Λ˜1.186) by LIGO/Virgo [28] to marginalize
the above three-dimensional probability distribution over
Λ˜1.186 to obtain PM(Ksym,0, RM):
PM(Ksym,0, RM) =
∫ ∞
−∞
PM(Ksym,0, RM, Λ˜1.186)
×P (Λ˜1.186) dΛ˜1.186. (12)
We then proceed according to Eqs. (10) and (11) to ob-
tain final bounds on Ksym,0, which we present in Fig.
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FIG. 4. Comparison of probability distributions for Ksym,0
with various observations: PSR J0030+0451 with NICER
using the 3-spot model, GW170817 with LIGO/Virgo, and
NICER + LIGO/Virgo combined.
4. Observe that the bounds from the joint analysis of
NICER and LIGO/Virgo is stronger than those from
NICER or LIGO/Virgo alone. We summarize all the
bounds in Table II (including those from the 2-spot
model).
Other works have also obtained tight constraints on
Ksym,0, but employ additional assumptions. Refer-
ence [43] obtains a range of Ksym,0 = −125±79 MeV, by
fixing J0 = 31.6 ± 2.2 MeV, but this upper limit is not
consistent with recent theory results [44]. Reference [45]
finds a range Ksym,0 = −230+90−50 MeV, but this range is
based, in part, on a constraint from quiescent low-mass
x-ray binaries (QLMXBs) of R1.4 = 11.7 ± 1.1 km from
Ref. [7]. A more recent work with a more complete analy-
sis of QLMXB systematic uncertainties [46] gives a much
weaker constraint on the neutron star radius. On the
other hand, the NS radius measurement with NICER is
expected to suffer from less systematics [47].
5NICER NICER + LIGO/Virgo
2-spot −47+81−80 −102+71−73
3-spot −58+79−78 −102+71−72
TABLE II. 1-σ Bounds on Ksym,0 in units of MeV to
1σ confidence from NICER and NICER + LIGO/Virgo.
We show results from both 2-spot and 3-spot models with
NICER. For reference, the bound from LIGO/Virgo alone is
−114+87−88 MeV [36].
Conclusions and Discussions— We used the corre-
lations between Ksym,0 and RM and have successfully
mapped NICER’s radius measurement to bounds on
Ksym,0. Moreover, we used a three-dimensional corre-
lation among the above two parameters plus Λ˜ to find
another probability distribution on Ksym,0 by combin-
ing NICER’s radius measurement with the tidal mea-
surement of LIGO/Virgo. We derived the bound on
Ksym,0 that, we believe, is more reliable than previous
bounds [43, 45], under the assumption that quarks and
other phase transitions are absent beyond the saturation
density.
Future work includes considering NS radius measure-
ments from other X-ray observations, e.g. for quies-
cent low-mass X-ray binaries [46], to further strengthen
bounds on Ksym,0. Such radius measurements may suffer
from large systematic errors, which need to be taken into
account when deriving bounds on Ksym,0. Work along
this direction is currently in progress [48].
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